We review the assumptions leading to the description of long distance QCD by a Lagrangian density expressed in terms of dual potentials. We find the color field distribution surrounding a quark anti-quark pair to first order in their velocities. Using these distributions we eliminate the dual potentials from the Lagrangian density and obtain an effective interaction Lagrangian L I ( x 1 , x 2 ; v 1 , v 2 ) depending only upon the quark and anti-quark coordinates and velocities, valid to second order in their velocities. We propose L I as the Lagrangian describing the long distance interaction between constituent quarks. Elsewhere we have determined the two free parameters in L I , α s and the string tension σ, by fitting the 17 known levels of bb and cc systems. Here we use L I at the classical level to calculate the leading Regge trajectory. We obtain a trajectory which becomes linear at large M 2 with a slope α ′ ≃ .74 GeV −1 , and for small M 2 the trajectory bends so that there are no tachyons.
For a constituent quark mass between 100 and 150 MeV this trajectory passes through the two known Regge recurrences of the π meson. In this paper, for simplicity of presentation, we have treated the quarks as spin-zero particles.
I. INTRODUCTION
In 1964 Gell-Mann and Zweig proposed that the constituents of hadrons are quarks u, d, and s which have masses of order of 300 MeV and which carry color degrees of freedom.
Elementary calculations analogous to those used in atomic physics give a good qualitative description of the hadronic spectrum. We know that the forces in an atom are mediated by the electromagnetic field In this paper we propose that dual potentials C a µ mediate the long distance interactions between constituent quarks.
‡ We construct an effective Lagrangian density L eff to describe the C a µ quark interactions, treating the quarks as classical point particles having coordinates x i (t) and velocities v i (t). We solve the resulting classical field equations for C a µ in the presence of a quark anti-quark pair to first order in their velocities. Using these solutions we eliminate the dual potentials C a µ from L eff obtaining an effective interaction Lagrangian L I ( x 1 , x 2 ; v 1 , v 2 ) ≡ d xL eff ( x) depending upon the quark and anti-quark positions and velocities valid to second order in these velocities. In another paper [1] , starting with L I , we carry out the canonical quantization procedure to construct the Hamiltonian for an interacting quark anti-quark pair and calculate the spectrum of mesons composed of heavy quarks.
In this paper we use the effective Lagrangian L I at the classical level to calculate Regge ‡ We have previously discussed the motivation for using dual potentials to describe long distance QCD. In order to make this paper self-contained, we present here the arguments and assumptions involved without reference to our earlier work.
trajectories. For the sake of the simplicity of this presentation we do not treat the spin degrees of freedom here. (These have been considered elsewhere [1] [2] ). The principal new development is the treatment of the quark's coordinates and velocities as dynamical variables rather than as externally prescribed parameters. This makes possible the construction of the effective Lagrangian L I depending only upon particle coordinates and velocities. The same procedure can be used to calculate the effective Lagrangian L I ( x 1 , x 2 , x 3 ; v 1 , v 2 , v 3 ) for the system of three interacting quarks in a baryon.
II. ABELIAN THEORY
We first review how abelian dual potentials C µ provide an alternate framework to solve
Maxwell's equations in a linear relativistic medium having a wave number dependent dielectric constant ε(q) and magnetic permeability µ(q) = 1/ε(q) in the presence of a given charge density ρ( x) and current density j( x) [3] . We first express ρ and j in terms of lines of polarization (Dirac strings) attached to the moving charged particles, i.e. we find a string polarization P s and a string magnetization M s so that
The solution to eq. (2.1) for the case of two particles of charges e(−e) moving along
where the integrals dy are along any path L(t) connecting x 1 (t) and x 2 (t) and˙ y is the velocity of the portion of the path between y and y + d y. (See Fig. 1 ). It is readily checked that the string polarization P s and magnetization M s yield eq. (2.1) with
For example taking the divergence of eq. (2.2) yields
Inserting expressions (2.1) for ρ and j into Gauss' Law, ∇ · D = ρ, and Ampere's Law,
, yields equations for D and H whose general solution is
Thus Gauss' Law and Ampere's Law have become kinematical equations whose solution
The homogeneous Maxwell equations,
, taken together with the constitutive equations, B = µ(q) H , E = 8) where the string polarization tensor G s αβ appearing in the inhomogeneous term in eq. (2.8) has the following components:
Eqs. (2.8) provide an alternate form of Maxwell's equations, which are completely equivalent to their usual form expressed in terms of ordinary potentials A α ,
where J β ≡ (ρ, j) . We now show how eqs. (2.2), (2.3), (2.7), (2.8) and (2.9) with µ = 1
give the usual electric and magnetic fields of slowly moving particles.
First consider the case of particles at rest. Then the space component of eq. (2.8),
( ∇ × E = 0), determining the dual vector potential (denoted C DIRAC ≡ C D ) takes the form
Comparing eq. (2.11) with the equation determining the vector potential of a magnetic dipole and using eq. (2.2), we obtain the solution of eq. (2.11):
Eqs. (2.2), (2.7) and (2.12) then yield the electric field
where
(2.14)
The first term − ∇× C D in eq. (2.13) produces a field analogous to the magnetic field of a line of magnetization, which is the sum of a Coulomb field and field flowing through the string to provide the continuity of the field lines. The second term P s cancels the field through the string leaving the desired pure Coulomb field. See Fig. 2 .
For slowly moving charges the time component of eq. (2.8) ( ∇ · B = 0), determining the scalar potential (denoted C 0D ) takes the form:
Comparing eq. (2.15) with the equation for the scalar potential of an electric dipole, and using eq. (2.3), we obtain the solution of eq. (2.15): 
is the usual Biot Savart magnetic field produced by slowly moving charges.
Eq. (2.1) can be written in the covariant form
which makes manifest the electromagnetic duality connecting eqs. (2.8) and (2.10):
All textbooks on electricity and magnetism could be rewritten using only dual potentials 
→ ∞
as q 2 → 0 would be screened at large distance. Use of the A µ to describe this system would introduce singularities which do not appear in the dual potentials C µ . These are thus the natural choice of potentials to describe a medium with long range anti-screening.
III. NON ABELIAN THEORY (WITHOUT QUARKS)
The main point of the above discussion is that there is an additional degree of freedom available for the description of gauge theories beyond the usual freedom to make gauge transformations on the potentials A µ . We will exploit this freedom in our study of non abelian gauge theories. In Yang Mills theory the effective dielectric constant results from the non linear interaction of the vector potentials A µ leading to asymptotic freedom, i.e.
anti-screening. We want to find an effective Lagrangian L eff to describe the long distance behavior of such a medium in terms of non abelian dual potentials C a µ . Mandelstam [4] has given a formal relation between the non abelian dual potentials C (L eff must incorporate the fundamental color symmetry of QCD.) We write this gauge transformation in the usual matrix form,
where , and the vacuum expectation values B 0i of B i have the following structure:
where the value of B 0 is determined by the position of the minimum in the Higgs potential W . The three matrices λ 7 , −λ 5 , and λ 2 transform as a j = 1 irreducible representation of an SU(2) subgroup of SU (3) and it is readily shown that there is no SU(3) transformation which leaves all three B 0i invariant. The SU(3) gauge symmetry is then completely broken and the eight Goldstone bosons become the longitudinal components of the now massive
2) is readily extended to SU(N) such that the SU(N) gauge symmetry is completely broken. However in the rest of this paper we restrict ourselves to the case of interest, namely SU(3)).
The Lagrangian L eff takes on the following form:
The explicit color structure of W is [6] The basic manifestation of the dual superconducting properties of L eff is that it generates classical equations of motion having static electric flux tube solutions carrying a unit of Z 3 flux along the z axis [9] . These are the non abelian analogues of the Nielsen-Olesen magnetic vortex solutions of the abelian Higgs model [10] . We choose the gauge so that C 0 = 0, ∇ · C = 0, and C is proportional toê φ , the unit vector along the φ direction and to the
. The Higgs fields B i lie along the same directions in color space as their vacuum values B 0i , eq. (3.2), i.e.
At large distances ρ from the flux tube B i ( x) → B 0i . The non vanishing of B 0i produces a color monopole current confining the electric flux. Since C is proportional to Y , the non abelian term in eq. (3.5) vanishes. We then have passing through a large circle S perpendicular to the z axis is then
The expression (3.6) is the minimal counterterm necessary for the renormalizability of L eff [6] .
For simplicity we have not included other operators of the same dimension.
where the line integral in eq. (3.8) runs over the perimeter of S.
, and eq. (3.8) gives
A continuous deformation in SU(3) of our particular solution into a non abelian configuration 
Having fixed the ratio g 2 /λ of the parameters appearing in L eff we are left with two free parameters to determine the quark anti-quark Lagrangian L I . These can be taken as σ and
IV. THE EFFECTIVE QUARK ANTI-QUARK LAGRANGIAN
To couple C µ to a quark anti-quark pair we introduce a Dirac string connecting the pair and represent their charge density ρ and current density j as polarization charge and polarization current as in eqs. (2.1), (2.2) and (2.3). The only difference is that ρ and j are proportional to the hypercharge matrix Y so that the quark (anti-quark) can emit (absorb) the unit of Z 3 flux described by the flux tube solution. The polarization P s and magnetization M s and hence C µ are proportional to Y . The non abelian contribution to G µν , (3.5) vanishes and the coupling of dual potentials to quarks proceeds as in the abelian case.
All quantities C µ , D , H , j , ρ appearing in eqs. (2.1) -(2.7) are automatically proportional to Y , and these equations are otherwise unchanged. We now redefine G µν :
and eq. (2.7) becomes
where G s µν is given by eq. (2.9). We then obtain the Lagrangian density L eff describing the coupling of dual gluons to a quark anti-quark pair by inserting eq. (4.2) for G µν into eq. (3.3). This yields:
We make the same color ansatz, eq. (3.7), for B i . Varying C µ in L eff gives the equations of motion:
We have used the color structure (3.7) of B i to obtain the second equality in eq. 6) which have components in the λ 2 , λ 5 and λ 7 directions in color space.
The solutions of equations (4.4) and (4.6) depend parametrically upon R(t) = x 1 (t) − x 2 (t), v 1 and v 2 . We will see that to first order in v 1 and v 2 the time dependence of C µ and B i appears only via the explicit time dependence of R, v 1 and v 2 , i.e.,
Substituting the first order solutions (4.7) into L eff and thereby eliminating the field variables C µ and B i gives the effective quark anti-quark Lagrangian We now outline the procedure used to calculate L I . First we express L eff in terms of the color electric and magnetic fields D and H. Using the fact that
and
All terms in L eff with time derivatives are contained in L 2 and for a static configuration with
Next using eqs. (2.9) and (4.5) we write eq. (4.4) in the three dimensional form:
For quarks at rest v 1 = v 2 = 0, C 0 = 0 and eqs. (4.6) and (4.13) become coupled static non linear equations for C and B i . Eq. (4.13) becomes
which differs from eq. (2.11) by the presence of the monopole current 6g 2 B 2 C. We make the dependence of the solutions to these static equations on the particle positions explicit, [11] . At large distances the monopole current screens C and C has the behavior:
while
We insert these static solutions into L 0 to obtain the static potential V 0 (R):
The quark self energies as well as the vacuum energy W (B 0 ) have been subtracted out in eq. (4.20). For g = 0 V 0 (R) has the behavior Eq. (4.14) then becomes the following linear equation for C 0 : 
Insertion of these expressions for C 0 , ∂ 0 B i , and ∂ 0 C in L 2 gives the velocity dependent potential V 2 : 
where the self energies have been subtracted out. For g = 0 eq. (4.27) gives the following expression for V 2
where the "potentials" V + (R) , V − (R) , and V (R) are moments of the field distributions C , C 0 and B i , determined by eq. (4.27). The explicit formulae for the integrals defining these moments are given in reference [1] . Using the numerical solution of eq. (4.24) for C 0 to evaluate the integral for V + obtained from eq. (4.27), we find the analytical parametrization [1] :
Furthermore in section V we show: 
where L D is the Darwin Lagrangian (multiplied by the color factor 4 3 = 2 tr Y 2 ) describing the interaction of electrically charged particles to second order in their velocities [12] . For g = 0 L I has the following behavior:
where A is a constant determined from the large R behavior of V + , i.e., 
Now consider an inertial frame S ′ where the quarks are at rest so that L
where R ′ is the distance between the quark anti-quark pair in 
and eq. (5.2) becomes
Note that the coefficient of the radial oscillation ( R · To isolate the V + contribution to eq. (5.4), consider the special case of circular motion.
is the moment of inertia of the rotating quark anti-quark pair. The constant A (see eqs. (4.36) and (4.37)), determines I(R) for large R. The minus sign in eq. (5.5) arises because V 2 defined by eq. (4.27) is the mechanical potential energy rather than the field energy E F IELD . We have calculated E F IELD and also J F IELD , the angular momentum of the color field distribution produced by a quark anti-quark pair undergoing circular motion of frequency ω. As expected, we find:
where I(R) is given by eq. (5.6). Since J F IELD includes contributions from both scalar fields B i and vector fields C µ , it automatically accounts for the spin of the dual gluon and hence differs essentially from that calculated in phenomenological flux tubes models.
d) A Monte Carlo lattice gauge theory calculation of the QCD velocity dependent potentials starting from the formulae of BMP would provide a direct check of our predictions for V 2 .
Such a calculation would complement the Monte Carlo calculations of Huntley and Michael [15] of the spin orbit potentials which gave data consistent with the predictions of L eff augmented by spin dependent terms [2] . These spin dependent potentials like V 2 involved only α s and σ as parameters.
e) Starting from L I augmented by the spin dependent terms and non-relativistic quark kinetic energy terms, we have constructed the Hamiltonian H for a heavy quark anti-quark system by the canonical procedure. We then determined the parameters α s , σ, m c and m b by finding a best fit to the 17 known levels of cc and bb systems. The best fit of the parameters were [1] :
(ii) σ = .214 GeV The Monte Carlo calculations [16] were carried out in SU(2) gauge theory for an interquark spacing R ∼ 1.5f m and gave a root mean squared flux tube radius R F T ∼ .2f m.
The energy distribution calculated from L eff broadens as a function of R. For R = .7f m. and (4.6) one can solve these equations to first order in the velocity and insert the result into L 2 , eq. (4.11). Carrying out this procedure would yield a unique velocity dependent
for three quarks inside a baryon.
VI. REGGE TRAJECTORIES
To treat mesons containing light quarks and in particular to find Regge trajectories for particles composed only of light quarks it is essential to use relativistic kinematics. The
Lagrangian describing a quark anti-quark pair of masses m 1 and m 2 respectively is
The Lagrangian (5.8) accounts for the kinematic effects of relativistic velocities but cannot account for inelastic processes. We saw that it was possible to define a velocity dependent potential V 2 only to second order in the velocity. As in electrodynamics, the whole concept of a potential dependent only upon particle positions and coordinates has meaning only to order v 2 because of the appearance of radiation to order (v 2 ) 2 . We know for relativistic To calculate the energy of states having large angular momentum, we can use classical dynamics. We find the leading Regge trajectory, i.e. the energy and angular momentum of those states which have the largest angular momentum for a given energy, by considering circular orbits so that
Then the Lagrangian L, eqs. (5.8), (4.32), and (4.29) reduces to
From eq. (5.9) we calculate the canonical momentum at
In obtaining eq. (5.11) we have made use of the fact that we are working in the center of mass frame
Using Hamilton's principle, the Lagrangian (5.9), and the fact that we have circular orbits so that v 1 ·˙ v 1 = v 2 ·˙ v 2 = 0 , we obtain the equation of motion 
, and R 1 + R 2 = R. We can then write eq. (5.12) in the form reduce to
14)
The Regge trajectory J as a function of E 2 obtained from these equations is plotted in Fig.   ( 3) for the cases of m = 100 MeV and m = 300 MeV.
We note that for a constituent quark mass of 100 MeV, this trajectory passes through the two known Regge recurrences of the π meson. For any quark mass the trajectory curves so that there are no particles with E 2 negative. For large E 2 the trajectory becomes linear with a slope α ′ which is determined by the behavior of V 0 and V + at large R, eqs. In collaboration with Lewis Fulcher we are now in the process of calculating the energy levels of mesons containing light quarks using a Hamiltonian obtained from the Lagrangian (5.7). The velocity dependent terms in the Hamiltonian are uniquely determined from the canonical procedure applied to V 2 (4.29). Since these velocity dependent terms will be more important in mesons containing light quarks, the comparison with experiment will be more sensitive to our prediction for V 2 . Furthermore, since the relevant distance scales will be larger than in mesons containing only heavy quarks, the long distance part of the potential will give a corresponding larger contribution to the energy levels. For both these reasons we feel that these calculations of energy levels of mesons containing light quarks will provide a sensitive test of the theory. The only new parameters are the constituent masses of the light quarks.
VI. SUMMARY AND COMMENTS
The 
